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1.0 INTRODUCTION 
This working paper summarizes the construction of the Input to Output Reduced Order Model (IOROM) 
for mAEWing1. The linear time invariant (LTI) IOROM is based on a fixed trimmed flight condition and 
is represented as a state space system with the traditional four matrix quadruple: [A, B; C, D]. These 
IOROMs are entirely software-based models that start with a detailed Computational Fluid Dynamic / 
Computational Structural Dynamic (CFD/CSD)-based model built in the CMSoft, Inc. AERO software 
suite.1 The nonlinear full order AERO model (NFOM) is millions of degrees of freedom and is unsuitable 
for open loop dynamic analysis and control system design. From this model, a linear time invariant reduced 
order aeroelastic model (ROM) is built describing the modal structural dynamics coupled with the unsteady 
aerodynamic forces. This model is represented in an inertial frame since that is the frame for the finite 
element model (FEM). This ROM is sent to the STI ASETool software where the structural rigid body 
states are cast into the traditional body-fixed frame, and the input and output effect is added with user-
defined descriptions of actuation and sensor nodes resulting in the IOROM. This modelling process is an 
extension of previous work documented in Refs. 2 and 3. 
The IOROM is a linear model of significantly reduced order that is in the ideal form for dynamic analysis 
and control system design. It includes all rigid body states, structural modal states, and unsteady 
aerodynamic states. The 12 rigid body states include the translational and rotational displacements and 
velocities and are represented in their traditional body-fixed frame of reference, making this model in an 
ideal form for complete control system design that includes primary flight control and flutter suppression. 
Stability and control derivatives can be directly extracted from the IOROM for direct comparison to 
experimental test data or other analytical models. These models are also used for novel system analysis 
using phasor diagrams where rigid body and flexible dynamic coupling can be clearly characterized. 
Approximate linear parameter varying models can also be created from the IOROMs that are dependent on 
a variable trim velocity. These models can be used for traditional flutter analysis (e.g., V-G diagrams, etc.) 
and LPV control design.   
This working paper documents the initial design of flexible mAEWing1, which uses the finite element 
model (FEM) denoted as FEM v1.1. The stiff wing model that represents the initially flown vehicle (Sköll) 
is not documented here. The FEM v1.1 design has a c.g. location that has been identified as being too far 
aft for desired performance and the vehicle was ballasted to move the c.g further forward. Despite this 
vehicle model not being exactly representative of the design that was flown, this working paper 
comprehensively documents the process of constructing the IOROMs, which is the principal purpose of 
this work. An updated FEM will be used and the process will be followed in exactly the same manner as 
described here. Moreover, the aerodynamic outer mold line and CFD grid will remain unchanged for 
different structural FEMs of mAEWing1. Additionally, updated FEMs for mAEWing1 will use the same 
structural nodes. These commonalities will greatly facilitate easier and faster construction of IOROMs with 
updated structural properties. 
2.0 STRUCTURAL MODEL 
2.1 Description 
The NASTRAN FEM was constructed by Virginia Tech (VT) and delivered to CMSoft, where the structural 
model was converted to AERO-S format. The vehicle outer mold line (OML) was delivered from The 
University of Minnesota (UMN) to CMSoft. CMSoft used the OML to build both inviscid and viscous grids 
for AERO-F. The complete CFD/CFD model was then built in AERO. Figure 1 and Figure 2 below display 
the AERO-S model. The main structure consists of elastic beams (blue) to model the main wing, and several 
massless rigid beams (cyan) and point masses (magenta stars) to model the control surfaces, which are 
connected to the main structure with torsional springs. To facilitate communication with the fluid model, 
several phantom skin elements (zero stiffness and mass) are included (transparent gray). 
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Figure 1: AERO-S structural model – isometric view. 
 
a) view from above – planform. 
 
b) view from port side. 
 
c) view from front. 
Figure 2: AERO-S structural model – 3 view. 
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2.2 Mass properties 
The mass properties are shown in the tables below. Note that the origin of the coordinate system is not 
located at the nose, it is ~15.5 inches aft of the nose as seen in Figure 2b above.  
Total mass = 0.3744 slugs (12.06 lbs) 
Table 1: Center of mass and centroid. 
 x y z 
c.g. location (inches) 9.342789 0.000390 0.000000 
centroid location (inches) 13.215223 0.050701 -0.046100 
 
Table 2: Moments of Inertia 
(units are in slug-in2) 
Ixx = 298.2774 Ixy = 0.003 Ixz = 0.0 
Iyx = 0.003 Iyy = 30.735 Iyz = 0.0 
Izx = 0.0 Izy = 0.0 Izz = 328.9734 
 
2.3 Mode shapes and frequencies 
The first 33 mode shapes and frequencies, as calculated by AERO-S, are shown in Table 3 below. Control 
surfaces follow the convention shown in Figure 3. 
 
Figure 3: mAEWing1 control surface layout. 
Table 3: mAEWing1 structural modes. 
Type Description Mode Num.
Freq.  
(Hz) 
Freq. 
(rad/s) 
Rigid 1 Rigid-Body Mode 1 1 0.00 0 
Rigid 2 Rigid-Body Mode 2 2 0.00 0 
Rigid 3 Rigid-Body Mode 3 3 0.00 0 
Rigid 4 Rigid-Body Mode 4 4 0.00 0 
Rigid 5 Rigid-Body Mode 5 5 0.00 0 
Rigid 6 Rigid-Body Mode 6 6 0.00 0 
 STI WP-1439-11 4 
Type Description Mode Num.
Freq.  
(Hz) 
Freq. 
(rad/s) 
Flexible 1 Bending 1st Symmetric (SWB1) 7 5.37 33.7351 
Flexible 2 Bending 1st Anti-Sym (AWB1) 8 8.61 54.0844 
Flexible 3 Torsion 1st Anti-Sym (AWT1) 9 15.67 98.4387 
Flexible 4 Torsion 1st Symmetric (SWT1) 10 17.06 107.1849 
Flexible 5 Bending 2nd Symmetric (SWB2) 11 21.45 134.7869 
Flexible 6 Bending 2nd Anti-Sym. (AWB2) 12 29.39 184.6691 
Flexible 7 Torsion 2nd Anti-Sym (AWT2) 13 46.30 290.8926 
Flexible 8 Torsion 2nd Symmetric (SWT2) 14 46.88 294.5746 
Flexible 9 Bending 3rd Symmetric (SWB3) 15 53.12 333.7879 
Flexible 10 Bending 3rd Anti-Sym (AWB3) 16 62.69 393.8803 
Control 1 1xR2 + 1xL2 − 1xR3 − 1xL3 + 1xR4 + 1xL4 17 72.14 453.2501 
Flexible 11 Transverse Bending 1st Anti-Sym. 18 72.48 455.4116 
Control 2 1xR2 − 1xL2 − 1xR3 + 1xL3 19 73.85 464.0007 
Control 3 1xR4 + 1xL4 20 81.49 512.0168 
Control 4 1xR4 − 1xL4 21 86.54 543.7406 
Flexible 12 Transverse Bending 1st Symmetric 22 100.99 634.5389 
Control 5 ½xR3 + 1xR4 + ½xL3 + 1xL4 23 102.64 644.9061 
Control 6 1xR3 + 1xR4 − 1xL3 − 1xL4 24 105.03 659.9230 
Control 7 1xR3 + 1xL3 25 112.09 704.2822 
Control 8 1xR1 − 1xL1 − 1xR2 + 1xL2 − 1xR3 + 1xL3 26 117.64 739.1539 
Control 9 1xR2 + 1xL2 + 1xR3 + 1xL3 27 119.54 751.0920 
Control 10 1xR2 − 1xL2 + 1xR3 − 1xL3 28 119.57 751.2805 
Flexible 13 Transverse Bending 2nd Symmetric 29 126.03 791.8698 
Control 11 1xR1 − 1xL1 30 133.53 838.9937 
Control 12 1xR1 + 1xL1 31 137.36 863.0583 
Control 13 1xR2 − 1xL2 − 1xR3 + 1xL3 + 1xR4 − 1xL4 32 153.71 965.7884 
Control 14 1xR2 + 1xL2 − 1xR3 − 1xL3 + 1xR4 + 1xL4 33 154.23 969.0557 
 
The six rigid body modes as directly calculated are not pure translations and rotations on the principal body 
axes as desired. They are linear combinations of these pure translations and rotations. Pure translations and 
rotations about the aircraft c.g. are required for applying gravity to the final IOROM. Moreover, if the rigid 
body modes are in this desired form, the IOROM system rigid body states can be represented in the body 
frame to yield a state space system where the matrix elements are direct functions of the stability and control 
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derivatives and these parameters can be directly extracted. Due to this, the rigid body modes as calculated 
were transformed to the desired axes by applying an orthonormal projection. Since the projection is 
orthonormal, desired properties (e.g., identity mass matrix, diagonal stiffness matrix) are retained. 
Appendix A details the calculation of this projection matrix. The final modes shapes in the desired form are 
shown in Figure 4 through Figure 36 below. 
 
Figure 4: Mode 1: Rigid body x-translation (-surge). 
 
Figure 5: Mode 2: Rigid body y-translation (sway). 
 
Figure 6: Mode 3: Rigid body z-translation (-plunge). 
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Figure 7: Mode 4: Rigid body x-rotation (-roll). 
 
Figure 8: Mode 5: Rigid body y-rotation (pitch). 
 
Figure 9: Mode 5: Rigid body z-rotation (-yaw). 
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Figure 10: Mode 7: Bending 1st Symmetric (SWB1). 
 
Figure 11: Mode 8: Bending 1st Anti-Sym (AWB1). 
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Figure 12: Mode 9: Torsion 1st Anti-Sym (AWT1). 
 
Figure 13: Mode 10: Torsion 1st Symmetric (SWT1). 
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Figure 14: Mode 11: Bending 2nd Symmetric (SWB2).  
 
Figure 15: Mode 12: Bending 2nd Anti-Sym. (AWB2). 
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Figure 16: Mode 13: Torsion 2nd Anti-Sym (AWT2).  
 
Figure 17: Mode 14: Torsion 2nd Symmetric (SWT2).  
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Figure 18: Mode 15: Bending 3rd Symmetric (SWB3).  
 
Figure 19: Mode 16: Bending 3rd Anti-Sym (AWB3). 
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Figure 20: Mode 17: 1xR2 + 1xL2 − 1xR3 − 1xL3 + 1xR4 + 1xL4 (Control 1). 
 
Figure 21: Mode 18: Transverse Bending 1st Anti-Sym. 
 
Figure 22: Mode 19: 1xR2 − 1xL2 − 1xR3 + 1xL3 (Control 2). 
 
Figure 23: Mode 20: 1xR4 + 1xL4 (Control 3). 
 STI WP-1439-11 13 
 
Figure 24: Mode 21: 1xR4 − 1xL4 (Control 4). 
 
Figure 25: Mode 22: Transverse Bending 1st Symmetric. 
 
Figure 26: Mode 23: ½xR3 + 1xR4 + ½xL3 + 1xL4 (Control 5). 
 
Figure 27: Mode 24: 1xR3 + 1xR4 − 1xL3 − 1xL4 (Control 6). 
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Figure 28: Mode 25: 1xR3 + 1xL3 (Control 7). 
 
Figure 29: Mode 26: 1xR1 − 1xL1 − 1xR2 + 1xL2 − 1xR3 + 1xL3 (Control 8). 
 
Figure 30: Mode 27: 1xR2 + 1xL2 + 1xR3 + 1xL3 (Control 9). 
 
Figure 31: Mode 28: 1xR2 − 1xL2 + 1xR3 − 1xL3 (Control 10). 
 
Figure 32: Mode 29: Transverse Bending 2nd Symmetric. 
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Figure 33: Mode 30: 1xR1 − 1xL1 (Control 11). 
 
Figure 34: Mode 31: 1xR1 + 1xL1 (Control 12). 
 
Figure 35: Mode 32: 1xR2 − 1xL2 − 1xR3 + 1xL3 + 1xR4 − 1xL4 (Control 13). 
 
Figure 36: Mode 33: 1xR2 + 1xL2 − 1xR3 − 1xL3 + 1xR4 + 1xL4 (Control 14). 
There are three structural modes in the frequency vicinity of the control surface deflection modes. If it is in 
the interest to capture dynamics up to ~65 Hz, the flexible modes associated with transverse motion (modes 
18, 22, and 29) can be ignored. Despite ignoring these flexible modes, the control surface deflection modes 
(17, 19-21, 23-28, 30-33) must be retained to capture the effect of control surface deflection. These modes 
were “tuned” to be high in frequency, above the other flexible modes, so that their dynamics would 
minimally interfere. These “artificial modes” are present only to facilitate actuation and the control surface 
effect on aerodynamic forces. 
3.0 STRUCTURE-ONLY IOROM 
Initially, a structure-only model was built without aerodynamic forces present. This allows for examination 
of the model to ensure control surfaces are being actuated correctly and sensors are located correctly. 
Control effectors and sensors will be the same for IOROMs that include the unsteady aerodynamic forces. 
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3.1 Control Effectors and Sensor Outputs 
3.1.1 Control Inputs 
There are nine control inputs that consist of the eight trailing edge surfaces in addition to a thrust input. The 
model inputs are in units of in-lb (the equal and opposite moment to deflect the control surface on their 
hinge lines), and lb (for the thrust applied at the c.g.). Since the model is linear, the moment input can be 
converted to degrees or radians by a scale factor (Table 4). 
Table 4: Input conversion factors. 
Control Surface Scaling for Radian Input  
(in-lb/Rad) 
Scaling for Degree Input  
(in-lb/deg) 
L1 -645.7612 -11.2707 
R1 -645.7777 -11.2709 
L2 -290.2691 -5.0662 
R2 -290.2681 -5.0661 
L3 -184.4511 -3.2193 
R3 -184.4468 -3.2192 
L4 -113.5689 -1.9822 
R4 -113.5692 -1.9822 
 
The scaling is negative so that the input convention is control surface trailing edge down. These conversion 
factors are only valid for this particular structure-only model. With other IOROMS that include 
aerodynamic forces, the moment required to deflect the same amount will differ, resulting in different 
conversion factors. The ASETool automatically calculates these conversion factors when constructing the 
models. 
3.1.2 Sensor Outputs 
Sensor outputs for 21 quantities were created at seven nodes: 1) c.g., 2) nose, 3) tail, 4) left wing tip leading 
edge, 5) left wing tip trailing edge, 6) right wing tip leading edge, 7) right wing tip trailing edge. An IMU 
is assumed at the c.g. that measures 15 quantities:  
 Spatial displacements measured in the inertial frame (GPS position, altitude: x, y, z) 
 Spatial orientation of the sensor frame with respect to the inertial frame (Euler angles: , , ),  
 Inertial velocities measured in the local sensor frame (airspeed, AoA, AoS: u, v, w) 
 Inertial angular rates measured in the local sensor frame (gyros: p, q, r) 
 Inertial accelerations measured in the local sensor frame (accelerometers: ,  ,  u v w   )  
In addition to these IMU measurements, six accelerometers output the vertical (z-direction) inertial 
acceleration measured in the local sensor frame. 
Figure 37 below displays the control effectors and sensors on the aircraft. 
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Figure 37: Model planform showing control effectors and sensors. 
3.2 Control effectiveness confirmation 
To confirm control effectiveness, the rigid body states in the IOROM are first truncated. A system is then 
built with modal displacements as output. Inputs of 60 degrees were then issued to each control surface 
individually and the system DC gain values of the modal displacements were used to view the structural 
model response due to the control surface input. The resulting deflections will confirm the control surface 
effectiveness. The results are shown in Figure 38 through Figure 45. It is evident that the control surface 
actuation is being applied correctly. 
 
Figure 38: Structural deflection due to L1 input of 60 degrees. 
 
Figure 39: Structural deflection due to R1 input of 60 degrees. 
 
Figure 40: Structural deflection due to L2 input of 60 degrees. 
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Figure 41: Structural deflection due to R2 input of 60 degrees. 
 
Figure 42: Structural deflection due to L3 input of 60 degrees. 
 
Figure 43: Structural deflection due to R3 input of 60 degrees. 
 
Figure 44: Structural deflection due to L4 input of 60 degrees. 
 
Figure 45: Structural deflection due to R4 input of 60 degrees. 
4.0 AEROELASTIC IOROMS 
4.1 Overview 
Aeroelastic IOROMs are built following these steps: 
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1. The AERO model is used to generate an equilibrium steady solution, for which to linearize. This 
trim solution is associated with a Mach number, orientation with respect to the free stream airflow 
(, ) and trim control surface deflections. 
2. Generalized Aerodynamic Force (GAF) matrices are constructed from this model linearized about 
the equilibrium solution at a grid of user-defined frequencies. GAFs describe modal forces due to 
modal displacements. Each GAF matrix at a fixed frequency is square and is complex valued (see 
Section 4.2 below). 
3. The GAF matrices as a function of frequency are fit to a multiple-input-multiple-output (MIMO) 
transfer function, column-wise, of prescribed numerator and denominator order. Frequency domain 
weighting is applied for fit “tuning.” 
4. The resulting transfer function fit is cast into state space form using standard techniques (canonical 
forms) to produce the state-space aerodynamic ROM describing unsteady aerodynamic modal 
forces due to modal displacements. This ROM is combined with the linear modal structural 
equations to form the aeroelastic ROM (Eq. (1)), which is stored in an ascii text file. 
  
20
0 0
unsteady aerodyn
structu
amic stat
ral modal stat
e
e
s
s
T
m m
m
q Nq
H B C
N P
I
q w u u
w
u

        




   (1) 
5. The ROM and mode shapes (also an ascii text file) are sent to ASETool along with information 
pertaining to sensor and effector nodes. ASETool is then used to generate the initial IOROM which 
represents outputs in the individual sensor frames4 but internal system states are in the inertial frame 
and gravity is not present. The inertial frame is aligned with the body at equilibrium. To change  
and  in AERO, the wind vector is rotated and the body remains fixed. 
6. The ASETool-created model is sent to MPATool where rigid body states are converted to the body 
frame and the effect of gravity* is included.5,6 MPATool is used to generate phasor diagrams and 
various input to output frequency responses so that the dynamics can be quickly analyzed and 
verified. MPATool also calculates and outputs dimensional and non-dimensional aerodynamic 
coefficients (stability and control derivatives) in standard forms. MPATool can also be used for 
model order reduction which can be done to aerodynamic and structural systems individually. The 
resulting IOROM includes gravity and represents sensors and states in the desired local sensor and 
body frame. 
4.2 Generalized Aerodynamic Force Matrices 
The GAFs are frequency dependent complex-valued matrices mapping modal deflections to modal forces. 
The GAF at a specific frequency () is defined using the full order linearized equations of motion shown 
in Eq. (2) 
                                                     
* Due to the fact that the inertial frame is aligned with the body at equilibrium, the gravity vector is not aligned with 
the inertial z-vector if the trim condition has a non-zero and. The gravity vector is a function of only and  
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    1
( ( (
(
) ) )
)
m m
f f f f
F j GAF j j
GA
u
PF j H Cjj I B
  
     

 (2) 
The above equation assumes the full order linearized equations of motion where Hf is a very large square 
matrix (~2M DOFs). Bf and Cf are assumed to be in the modal form where they have as many rows as Hf 
but have as many columns as modal states. Pf has as many rows as modal states but as many columns as 
Hf. A GAF is square of size equivalent to the number of modal states. AERO can compute these GAFs for 
user defined frequencies. The computation is intensive due to large matrix size and requires similar 
resources as Proper Orthogonal Decomposition (POD) snapshot generation. 
4.3 IOROM for Mach 0.06, h = 980 ft. 
This IOROM is linearized about a steady aeroelastic trim condition (Table 5). Calculation of the trim 
condition is described in Appendix B. Some bug fixes were also applied prior to building this IOROM but 
following building a previous IOROM documented in D.4. 
Table 5: mAEWing1 Mach 0.06 trim condition. 
Mach V (ft/s) q (lbs/ft^2) 
AoA 
(deg) 
AoS 
(deg) 
Dele 
(deg) 
Dela 
(deg) 
Delo 
(deg) 
Thrust 
(lb) 
0.06 66.75 5.12E+00 0.9276 0 -2.5533 -0.0087 0 6.07
 Dele = L3+R3, Dela = L2-R2, Delo = L4+R4 
The structure deflected in the trim position is shown in Figure 46 below. The displacements have been 
scaled by a factor of 10 for better visualization. 
 STI WP-1439-11 21 
 
a) isometric view. 
 
b) view from port side. 
 
b) view from rear. 
Figure 46: Trimmed structure: Mach 0.06, h = 980 ft, steady level flight. 
To confirm the feasibility of shape control, an alternative trim condition was also computed (L4 and R4 
with a fixed deflection) and is shown in Appendix C.1. 
4.3.1 GAF fit 
Some select I/O pairs showing the GAF fit are below. 
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Figure 47:  Mode 1: Surge Deflection to Mode 1: Surge Force 
 
Figure 48:  Mode 2: Sway Deflection to Mode 2: Sway Force 
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Figure 49:  Mode 5: Pitch Deflection to Mode 3: Plunge Force 
 
Figure 50:  Mode 3: Plunge Deflection to Mode 1: Surge Force 
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Figure 51:  Mode 4: Roll Deflection to Mode 2: Sway Force 
 
Figure 52:  Mode 7: Bending 1st Symmetric (SWB1) Deflection to Mode 3: Plunge Force 
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Figure 53:  Mode 7: Bending 1st Symmetric (SWB1) Deflection to Mode 5: Pitch Force 
 
Figure 54:  Mode 4: Roll Deflection to Mode 8: Bending 1st Anti-Sym (AWB1) Force 
4.3.2 Time Domain Validation 
Time domain simulations for both the LFOM (millions of states) and the ROM (150 states) were conducted 
(time step = 0.0002). The modal displacements and velocities were output and were compared. The plots 
below are a sampling of some of those outputs. 
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Figure 55:  Time Domain Comparison of Mode 1: Surge. 
 
Figure 56:  Time Domain Comparison of Mode 3: Plunge. 
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Figure 57:  Time Domain Comparison of Mode 4: Roll. 
 
Figure 58:  Time Domain Comparison of Mode 5: Pitch. 
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Figure 59:  Time Domain Comparison of Mode 7: Bending 1st Symmetric (SWB1). 
 
Figure 60:  Time Domain Comparison of Mode 8: Bending 1st Anti-Sym (AWB1). 
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Figure 61:  Time Domain Comparison of Mode 9: Torsion 1st Anti-Sym (AWT1). 
 
Figure 62:  Time Domain Comparison of Mode 10: Torsion 1st Symmetric (SWT2). 
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Figure 63:  Time Domain Comparison of Mode 11: Bending 2nd Symmetric (SWB2). 
 
Figure 64:  Time Domain Comparison of Mode 12: Bending 2nd Anti-Sym. (AWB2). 
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Figure 65:  Time Domain Comparison of Mode 17: Control 1. 
 
Figure 66:  Time Domain Comparison of Mode 20: Control 4. 
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Figure 67:  Time Domain Comparison of Mode 24: Control 8. 
4.3.3 Phasor analysis 
The model was residualized to only the structural states, excluding the control surfaces. Phasors of this 
model are shown in the following figures. 
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Figure 68: Spiral Mode. 
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Figure 69: Phugoid Mode. 
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Figure 70: Dutch Roll Mode. 
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Figure 71: Aeroelastic Short Period Mode. 
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Figure 72: Roll Subsidence Mode. 
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Figure 73: Aeroelastic: Genesis at SWB1. 
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Figure 74: Aeroelastic: Genesis at AWB1. 
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Figure 75: Aeroelastic: Genesis at AWT1. 
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Figure 76: Aeroelastic: Genesis at SWT1. 
4.3.4 Extended dynamics 
The IOROM at this flight condition can be extended to different flight velocities by scaling the unsteady 
aerodynamic matrices. This results in a linear parameter varying IOROM (LPV-IOROM). Resulting scaled 
IOROMs will not be “match point,” meaning the Mach number and trim orientation will not correspond to 
the altered model freestream trim velocity. Since the vehicle remains in the subsonic incompressible regime, 
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the mismatch in Mach number should result in negligible error. If it is assumed that trim angle of attack 
and control surface deflections will likely not differ considerably, and the resulting static aeroelastic 
deflection will not differ considerably across the flight regime of concern, extending the IOROM in this 
way will produce reasonable approximations of the vehicle at different speeds. The IOROM state space A 
matrix is in the form shown in Eq. (3). 
 2
0
H B C
A P R G
I Q
     
 
  (3) 
This ROM has a corresponding Mach, orientation, altitude and flight velocity (V0). The nominal model is a 
“match point” model since the Mach number and velocity correspond via the atmospheric pressure and 
density. The state vector is defined as: 
 
rb
m
e
m
w
u
ux
u
u
         

   (4) 
Where w are the unsteady fluid states, rbu  are the aircraft rigid body velocity states (in the body frame of 
reference: u, v, w, p, q, r), and um are the structural modal states. The vector ue is composed of the x, y, and 
z translations of the body measured in the inertial frame followed by the Euler angles describing the 
orientation of the body frame with respect to the inertial frame (, , ). In Eq. (3), the matrix R is sparse 
and is present to account for the conversion from the inertial frame to the body frame (it facilitates the 
linearized V  terms). The matrix G is also sparse and is present to account for gravity (it facilitates the 
g and g terms). The matrix Q is also sparse and accounts for the body translational state dependence on 
Euler angle perturbations. The IOROM unsteady aerodynamics (H, B, C, P) are based on a Mach number 
and trim orientation. These matrices can be scaled to adjust the velocity as shown in Eq. (5). 
 2 2
0
H B C
A P R G
I Q
 
 

      
 
  (5) 
An IOROM for a new velocity can be created by defining  and the flight velocity for that IOROM will be 
V0. This scaling is valid only if the rigid body translational velocities are dimensional (e.g., u, v, and w 
rather than u/V0, , and ). 
The remaining state space matrices (B, C, and D) need not be altered as long as the inputs are defined in 
the raw model form, where the input is a structural equal and opposite moment applied to a pair of hinge 
nodes. However, input scaling to convert inputs to degrees or radians must be scaled and this is done using 
Eq. (6). 
  020 0Viscale iscale iscale iscale     (6) 
In the above, iscale0 is the scaling required for a structure-only model and iscaleV0 is the scaling required 
for the trimmed model at V0. 
This process was done for the Mach 0.06, h = 980 ft. model. A series of models with varying velocity were 
created. The locus of poles is shown in Figure 77 and the corresponding V-G diagram is shown in Figure 
78. The BFF flutter point is indicated (104 ft/s, 62 knots, 32 m/s). This analysis utilized a model residualized 
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to the 1st 16 structural states (rigid body modes and 10 flexible modes but no control surface modes). Similar 
results were obtained when all states were retained. 
 
Figure 77: Locus of poles for varying velocity (base model Mach 0.06, 980 ft). 
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a) V-G- detail. 
 
b) V-G detail. 
Figure 78: V-G diagram (base model Mach 0.06, 980 ft). 
4.3.5 Structural Model Adjustments 
The structural model can be approximately tuned if modal frequencies change based on model updates or 
results from experimental data. Further flutter analyses was conducted using models with modified 
stiffness. This is documented in Appendix D. 
5.0 CONCLUSIONS 
This working paper describes the comprehensive process of constructing a LTI IOROM that can be used 
for open loop system analysis and complete control system design. The model that is created completely 
software-based rooted directly to a CFD/CSD model. Unlike traditional aeroelastic state space models 
based on potential-flow-based aerodynamics, no corrections or adjustments are made to accommodate for 
un-modeled physics (e.g., drag corrections). Additionally, the IOROM system states are completely 
described making the model amendable to “tuning” using results from experimental test data. 
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A method to produce approximate LPV-IOROMS was also developed and demonstrated. As long as certain 
criteria are met (e.g., insignificant change in Mach number and aeroelastic trim conditions), this model can 
be used for traditional flutter analysis (e.g., V-G diagrams, etc.) and to build an IOROM at any prescribed 
flight velocity. 
A notable aspect of this process is its generality. Although the model demonstrated here is subsonic and 
incompressible, an IOROM can be built using this method at any flight condition that can be modeled using 
AERO-F, which includes viscous, transonic, and supersonic flight regimes. The general nature also allows 
modeling of non-traditional airframe designs that may not feature traditional longitudinal and lateral-
direction decoupling. Models with more significant structural flexibility can also be modeled where the 
IOROM will describe dynamics linearized about an aeroelastic trim condition associated significant 
structural deflections. 
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APPENDIX A. TRANSFORMATION OF RIGID BODY MODES TO DESIRED FORM 
Modal analysis of an arbitrary structural model that is unrestrained will yield rigid body modes. These 
modes have eigenvalues (poles) of zero and eigenvectors (mode shapes) that are associated with translations 
and rotations of the body. It is not guaranteed that these modes will represent desired motion of three “pure” 
translations of the body on three axes and three “pure” rotations about the body c.g. For construction of a 
descriptive IOROM, and to “add” the effect of gravity, a structural modal model is required that represents 
rigid body mode shapes by these “pure” translations and rotations. In other words, modes in the following 
form are desired (X Y and Z directions are orthogonal): 
1. Mode 1: Translation in the X-direction 
2. Mode 2: Translation in the Y-direction 
3. Mode 3: Translation in the Z-direction 
4. Mode 4: Rotation about a vector in the X-direction with origin at the c.g. 
5. Mode 5: Rotation about a vector in the Y-direction with origin at the c.g. 
6. Mode 6: Rotation about a vector in the Z-direction with origin at the c.g. 
Moreover, these mode shapes must be of magnitude that preserves the identity mass matrix. 
The problem is to find a linear transformation that projects the modes found from AERO (X) onto the modes 
desired ( Xˆ ). 
The structural equation of motion is defined below (where u is a vector of the global degrees of freedom 
for the structural model consisting of all translations and rotations of the structural nodes, M is the structural 
mass matrix and K is the structural stiffness matrix). 
 u Ku FM    (7) 
The generalized eigenvalue problem based on the unforced structure (Eq. (8)) is used to cast this into modal 
coordinates. 
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 2 Tm mu Xu F   (9) 
A reduced-order system can be approximated by retaining a limited number of mode shapes (X). 
A desired set of mode shapes is represented by Xˆ . These mode shapes are assumed to be a linear 
combination of the mode shapes in X (Eq. (10)). 
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For A to be a valid transformation, the relationships in Eq. (8) must be preserved. Substituting Eq. (10) into 
Eq. (8) results in Eq. (11), which shows that A must be orthonormal (a rotation matrix). 
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ˆ
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XA
XA XA










 (11) 
This matrix is solved in a straightforward manner. With the calculated modes shapes already known (X), 
the desired mode shapes can be constructed ( Xˆ ) and A is solved for using the pseudo inverse.† 
   1
ˆ
ˆT T
X X
X XX
A
A X



 (12) 
This is only required for the rigid body modes. The remaining structural modes can be left as is. 
                                                     
† This can also be solved using Gaussian elimination. The Matlab “\” operator is an efficient means to solve this 
equation for A. 
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APPENDIX B. CALCULATION OF THE STEADY AEROELASTIC TRIM CONDITION 
The goal of trim is to produce zero valued forces and moments. A complete trim solution would need six 
equations for the three orthogonal body forces and the three orthogonal body moments. Since we have a 
symmetric vehicle, some of these equations can be assumed to be already trimmed and can be ignored. For 
each equation, a free parameter is needed. For the mAEWing1 vehicle, we assume that the wings are level 
(no trim roll angle). A control effector of collective L3 and R3 provides elevator (e) and a control effector 
of differential L2 and R2 provides aileron (a). The angle of attack is also available as a free parameter for 
trim. With these three parameters, the three equations for trim are provided below. 
 
(Lift = Weight)
(0 net Roll Moment)
(0 net Pitch Moment)0
0x
y
L W
M
M



  (13) 
Linear aerodynamic forces are assumed: 
 
0
0
0
e a
e a
e a
e a
x x x x e x a
y y y e y ay
L L L
M
M
L L
M M M M
M M M M
  
  
  
  
  
  
  
  
 

   (14) 
Combining Eqs. (13) and (14) produces the trim equations as a linear function of the free parameters. The 
trim parameters are solved as shown in Eq. (15) below. 
 
1
0
0
0
e a
e a
e a
e x x x x
a ytrim y y y
L L W L
M M M
MM
L
M
MM
  
  
  



                           
  (15) 
The dimensional coefficients and knot values are required to solve this equation. AERO is used to obtain 
these coefficients and values by running four steady aeroelastic simulations: 1)  = 0, e = 0, a = 0, 2)  = 
, e = , a = 0, 3)  = 0, e = , a = 0, and 4)  = 0, e = 0, a = , where  is a small angle (1 degree 
works). The resulting Lift force and body moments from each simulation are used to obtain these derivatives 
by finite difference. A trim solution is then preformed and the relationships in Eq. (13) are confirmed. The 
resulting trim thrust is taken to be T = -Fx.  
The true aerodynamic forces are not necessarily linear as described by Eq. (14). If the relationships in Eq. 
(13) are not confirmed due to nonlinear effects, this process can be repeated by using the dimensional 
derivatives calculated at the candidate trim point. Multiple iterations can be conducted until a tolerance on 
Eq. (13) is met. This essentially amounts to a Newton search. For the trim conditions calculated in this 
work, only a single Newton iteration was performed as that was all that was required to satisfy Eq. (13) 
within adequate tolerance. 
A similar trim condition can be applied by eliminating the aileron input and assuming that the A/C is 
trimmed in roll (trim is found by inverting a 2×2 matrix). By generating a trim condition this way it was 
found that the resulting roll moment was not insignificant so the aileron input was added. As it turns out, 
adding an extra input (and an extra equation) only requires one extra steady aeroelastic simulation to be run 
so the cost to add this input was negligible. 
If the thrust effect on lift is to be considered (which becomes more important as trim increases), the effective 
L coefficient can be modified: 
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 , 0eff xL L F    ‡ (16) 
The axial force at zero orientation and deflection (Fx0) is found from steady aeroelastic simulation 1) where 
 = 0, e = 0, and a = 0. 
 
                                                     
‡ Assumes the convention for the x direction is positive aft (nose to tail). 
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APPENDIX C. OTHER TRIM CONDITIONS 
C.1 Fixed Deflection of L4 and R4 
To investigate capability of aeroelastic shape change, a new trim condition using the Mach 0.06 condition 
in Section 4.3 was computed. For this condition, the L4 and R4 outer surfaces were collectively deflected 
down 10 degrees and the A/C was re-trimmed by adjusting the angle of attack, collective deflection of L3 
and R3, and differential deflection of L2 and R2. Table 6 displays the resulting trim condition and Figure 
79 displays the resulting aeroelastic deflected structure (deflections are scaled by 5). 
Table 6: mAEWing1 Mach 0.06 alternative trim condition. 
Mach V (ft/s) q (lbs/ft^2) 
AoA 
(deg) 
AoS 
(deg) 
Dele 
(deg) 
Dela 
(deg) 
Delo 
(deg) 
Thrust 
(lb) 
0.06 66.75 5.12E+00 2.32 0 -22.47 0.128 10 7.62 
 Dele = L3+R3, Dela = L2-R2, Delo = L4+R4 
 
 
a) Isometric view. 
 
b) View from rear. 
 
c) View from port wing. 
Figure 79: Alternative trim condition. 
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This alternative trim condition is compared with the baseline trim condition (see Section 4.3) in Figure 80 
below. The deflection amplitudes for both cases are scaled by 5 for better visualization. 
 
a) Baseline trim condition. 
 
b) Alternative trim condition. 
Figure 80: Comparison of baseline and alternative trim conditions. 
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APPENDIX D. MODELS WITH MODIFIED STIFFNESS 
The structure of the state space model is such that the structural modal frequencies are represented explicitly 
in the A matrix. Due to this, these values can be directly modified using updated models or experimental 
data to develop an approximated model with modified structural properties. Modifying the modal 
frequencies in this way is done under the assumption that the mode shapes do not change. Since the modes 
are determined using a generalized eigenvalue problem, identity modal mass matrix is preserved with the 
unchanged mode shapes. Therefore, a modification to the modal frequencies without altering the mode 
shapes is essentially a modification of the model stiffness: an Approximated Stiffness Modification (ASM). 
It is noted that this is an approximation so changes in the frequencies should be performed only when it is 
understood that the mode shapes and mass properties will not change significantly. This appendix 
documents flutter analyses using models with different ASMs. 
D.1 ASM with Updated VT FEM Modes for the Stiff Wing 
VT built a FEM that represents the “stiff” mAEWing1, as known as Sköll (FEM v2.0). This updated FEM 
also includes updated mass properties which result in an accurate experimentally validated c.g. location that 
is further forward than the model used here. The ASM here does not represent the updated mass properties 
so the c.g. is still in the original aft location. Modal frequencies were altered to the values displayed in 
Table 7 below. 
Table 7: ASM Modal Frequencies: updated VT FEM v2.0 for Sköll. 
Mode number Mode Description Updated Frequency (Hz) 
Baseline Frequency 
(Hz) 
7 Bending 1st Symmetric (SWB1) 6.65 5.37 
8 Bending 1st Anti-Sym (AWB1) 9.35 8.61 
9 Torsion 1st Anti-Sym (AWT1) 16.04 15.67 
10 Torsion 1st Symmetric (SWT1) 17.19 17.06 
11 Bending 2nd Symmetric (SWB2) 20.19 21.45 
12 Bending 2nd Anti-Sym. (AWB2) 24.14 29.39 
 
An updated flutter analysis was conducted using the extended dynamics of the Mach 0.06 model (see 
Section 4.3.4 for details on the extended dynamics). For this analysis, all unsteady aerodynamic states and 
all structural modal states above mode 12 were residualized. The flutter analysis is shown in Figure 81 and 
Figure 82 below. The BFF condition occurs at 112 ft/s (66 knots, 34 m/s). For reference, BFF occurred at 
104 ft/s (62 knots, 32 m/s) with the baseline model. 
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Figure 81: Locus of poles for varying velocity (base model ASM VT FEM 2.0 Mach 0.06, 980 ft). 
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a) V-G- 
 
b) V-G detail. 
Figure 82: V-G diagram (base model ASM VT FEM 2.0 Mach 0.06, 980 ft). 
D.2 ASM with Updated UMN GVT Modes for the Stiff Wing 
UMN conducted a GVT test on Sköll where four modes were identified. Only the 1st three modes were used 
for the ASM model here and assumed to be SWB1, AWB1, and SWT1. The AWT1 mode was estimated 
by using the frequency ratio AWT1/SWT1 from VT FEM 2.0. 
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Table 8: ASM Modal Frequencies: UMN GVT of Sköll. 
Mode number Mode Description Updated Frequency (Hz) 
Baseline Frequency 
(Hz) 
7 Bending 1st Symmetric (SWB1) 7.83 5.37 
8 Bending 1st Anti-Sym (AWB1) 9.01 8.61 
9 Torsion 1st Anti-Sym (AWT1) 15.79* 15.67 
10 Torsion 1st Symmetric (SWT1) 16.92 17.06 
*Not directly from test data. Value was calculated using other test data values. 
An updated flutter analysis was conducted using the extended dynamics of the Mach 0.06 model (Figure 
83 and Figure 84). For this analysis, all unsteady aerodynamic states and all structural modal states above 
mode 10 were residualized. The BFF flutter condition occurs at 116 ft/s (69 knots, 35 m/s). 
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Figure 83: Locus of poles for varying velocity (base model ASM UMN GVT Sköll Mach 0.06, 980 
ft). 
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a) V-G- 
 
b) V-G detail. 
Figure 84: V-G diagram (base model ASM UMN GVT Sköll Mach 0.06, 980 ft). 
D.3 ASM Tuned to Match Flight Test 
For this model, a later FEM from VT (FEM 2.1) was used to assign initial frequency values for modes 7-
12. Some of these values were then replaced with the results obtained from the latest Sköll GVT (conducted 
on 8/18/2015 and 8/20/2015). Following this, the SWT1 mode frequency was “tuned” until the flutter 
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s
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velocity matched that observed in the flight test (Sköll flight 13). Table 9 displays the updated frequency 
values. 
Table 9: ASM Modal Frequencies: Flight Test Tuned. 
Mode number Mode Description Updated Frequency (Hz) 
Baseline Frequency 
(Hz) 
7 Bending 1
st Symmetric 
(SWB1) 8.15* 5.37 
8 Bending 1
st Anti-Sym 
(AWB1) 15.57* 8.61 
9 Torsion 1
st Anti-Sym 
(AWT1) 14.49 15.67 
10 Torsion 1
st Symmetric 
(SWT1) 13.4** 17.06 
11 Bending 2
nd Symmetric 
(SWB2) 26.02* 21.45 
12 Bending 2
nd Anti-Sym 
(SWB2) 24.59 29.39 
*value set to results of Aug. 18 and 20 GVT data 
**value “tuned” to match flight-observed flutter speed. 
In addition to tuning the modal frequencies, state feedback was used to augment the pitch stability. Namely, 
the angle of attack state was fed back to differential L3/R3. This has the effect of moving the c.g. State 
feedback amounts to augmentation of the system A matrix by: A – BK where K is a sparse gain matrix 
mapping the  state to L3 and R3 inputs with a finite gain. In addition, the C matrix must also be modified 
to: C – DK. This can be thought of as a “correction” to the system matrices that adjusts the dynamics where 
the correction is determined using state feedback to augment the system poles. Nothing is truly fed back, 
the system matrices are “tuned” by –BK and –DK. This concept can be carried further to include more 
states (or all states) for pole placement. Depending on which states are fed back, there may be implications 
to extending the dynamics as described in section 4.3.4. With simply  feedback, the updated tuned model 
can be extended as before. 
An updated flutter analysis was conducted by extending the model as shown in the following figures. 
 STI WP-1439-11 59 
 
Figure 85: Locus of poles for varying velocity (base model ASM FT tuned Mach 0.06, 980 ft). 
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a) V-G- 
 
b) V-G detail. 
Figure 86: V-G diagram (base model ASM FT tuned Mach 0.06, 980 ft). 
D.4 Summary 
For reference, flutter analysis for the baseline model is shown in Figure 87 and Figure 88 below. 
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Figure 87: Locus of poles for varying velocity (base model Baseline Mach 0.06, 980 ft). 
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a) V-G- 
 
b) V-G detail. 
Figure 88: V-G diagram (base model Baseline Mach 0.06, 980 ft). 
All ASM data is collected in Table 10. Collected BFF flutter results are shown in  
Table 11.  
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Table 10: Summary of Modal Frequencies for Different Models. 
Mode 
number Mode Description 
Modal Frequencies (Hz) 
Baseline ASM VT FEM v2.0 
ASM UMN 
GVT Sköll 
ASM FT 
Tuned 
7 Bending 1st Symmetric (SWB1) 5.37 6.65 7.83 8.15 
8 Bending 1st Anti-Sym (AWB1) 8.61 9.35 9.01 15.57 
9 Torsion 1st Anti-Sym (AWT1) 15.67 16.04 15.79 14.49 
10 Torsion 1st Symmetric (SWT1) 17.06 17.19 16.92 13.4 
11 Bending 2nd Symmetric (SWB2) 21.45 20.19 - 26.02 
12 Bending 2nd Anti-Sym. (AWB2) 29.39 24.14 - 24.59 
 
 
Table 11: BFF Flutter Point Comparison for Different Models. 
Model BFF Flutter Speed (ft/s) 
BFF Flutter 
Speed (knots) 
BFF Flutter 
Speed (m/s) 
BFF Flutter 
Frequency 
Baseline 104 62 32 4.27 Hz (26.8 rad/s) 
ASM VT FEM v2.0 112 66 34 5.31 Hz (33.4 rad/s) 
ASM UMN GVT Sköll 116 69 35 6.27 Hz (39.4 rad/s) 
ASM FT Tuned 98 58 30 6.48 Hz (40.7 rad/s) 
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APPENDIX E. IOROM FOR MACH 0.1, H = 980 FT. 
This preliminary IOROM was built with unsteady aerodynamics linearized about a steady aeroelastic 
solution with the vehicle at 0o angle of attack. This is NOT a trim condition but it is expected that the trim 
condition will not differ considerably. 
E.1 GAF fit 
Some select I/O pairs showing the GAF fit are shown below. 
 
Figure 89: Mode 1: Surge Deflection to Mode 1: Surge Force 
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Figure 90: Mode 2: Sway Deflection to Mode 2: Sway Force 
 
Figure 91: Mode 3: Plunge Deflection to Mode 3: Plunge Force 
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Figure 92: Mode 5: Pitch Deflection to Mode 5: Pitch Force 
 
Figure 93: Mode 3: Plunge Deflection to Mode 5: Pitch Force 
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Figure 94: Mode 3: Plunge Deflection to Mode 1: Surge Force 
 
Figure 95: Mode 7: Bending 1st Symmetric (SWB1) Deflection to Mode 3: Plunge Force 
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Figure 96: Mode 7: Bending 1st Symmetric (SWB1) Deflection to Mode 5: Pitch Force 
 
Figure 97: Mode 2: Sway Deflection to Mode 8: Bending 1st Anti-Sym (AWB1) Force 
E.2 Time Domain Validation 
Time domain simulations for both the LFOM (millions of states) and the ROM (150 states) were conducted 
(time step = 0.0002). The modal displacements and velocities were output and were compared. The plots 
below are a sampling of some of those outputs. 
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Figure 98: Time Domain Comparison of Mode 1: Surge. 
 
Figure 99: Time Domain Comparison of Mode 3: Plunge. 
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Figure 100: Time Domain Comparison of Mode 4: Roll. 
 
Figure 101: Time Domain Comparison of Mode 5: Pitch. 
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Figure 102: Time Domain Comparison of Mode 7: Bending 1st Symmetric (SWB1). 
 
Figure 103: Time Domain Comparison of Mode 8: Bending 1st Anti-Sym (AWB1). 
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Figure 104: Time Domain Comparison of Mode 10: Torsion 1st Symmetric (SWT2). 
 
Figure 105: Time Domain Comparison of Mode 13: Torsion 2nd Anti-Sym (AWT2). 
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Figure 106: Time Domain Comparison of Mode 17: Control 1. 
 
Figure 107: Time Domain Comparison of Mode 20: Control 4. 
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Figure 108: Time Domain Comparison of Mode 28: Control 12. 
E.3 Phasor analysis 
The system unsteady aerodynamic states were reduced from 150 to 75 following the method documented 
in Ref. 6. This was done to eliminate some unsteady aerodynamic states residing in the low frequency 
vicinity. Phasors for modes in the lower frequency range are shown in Figure 109 through Figure 115 
below.  
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Figure 109: Spiral Mode. 
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Figure 110: Phugoid Tuck 1. 
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Figure 111: Phugoid Tuck 2. 
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Figure 112: Dutch Roll. 
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Figure 113: Roll Subsidence. 
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Figure 114: Aeroelastic: Genesis at SWB1. 
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Figure 115: Aeroelastic Short Period. 
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Figure 116: Aeroelastic: Genesis at AWB1. 
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Figure 117: Aeroelastic: Genesis at AWT1. 
-70 -60 -50 -40 -30 -20 -10 0 10
0
50
100
150
200
250
300
350
400
350
300
250
200
150
100
500.75
0.48
0.32
0.23
0.16 0.115 0.07 0.035
Map of Poles and Zeros
(no input or output defined, only poles displayed)
Real
Im
ag
in
ar
y
-0.
-0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8
-0.5
-0.4
-0.3
-0.2
-0.1
0
0.1
0.2
0.3
0.4
0.5
nf1234567890123456789(u/V0)
b/e
b pb/ebqb/ebr
b/e
b
um7dot
um8dot
um9dot
um10dot
um 1dotum12dotu 3dot45m 6789012x
b/e
eyzphieulthteulsi l
Frequency = 87.1244 rad/s  Damping Ratio = 0.045839
Pole = -3.99374+87.0328i
 STI WP-1439-11 84 
 
Figure 118: Aeroelastic: Genesis at SWT1. 
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